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An influence of diluted sites on surface growth has been investigated, using the restricted solid-on-solid
model. It was found that, with respect to equilibrium growth, the surface width and the saturated width
exhibited universal power-law behaviors, i.e., W� t� and Wsat�L�, regarding all cases with respect to the
concentration of diluted sites x=1− p, with p being the occupation probability on each lattice site. For x�xc

�=1− pc, pc being the percolation threshold�, the growth appeared to be similar to that of a regular lattice, both
in two and three dimensions. For x=xc, the growth yielded nontrivial exponents which were different from
those on a regular lattice. In nonequilibrium growth, a considerable amount of diluted sites �x�xc� appeared to
yield nonuniversal growth, unlike the case of a regular lattice. The cause of nonuniversal growth dynamics has
been investigated, considering the growth on a backbone cluster and on lattices constructed with periodically
and randomly diluted subcells.
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I. INTRODUCTION

Over the last several decades, surface roughening has
been extensively studied by using various continuum growth
equations as well as discrete atomistic models �1,2�. Surface
roughening is associated with a wide variety of other sys-
tems, such as domain walls in regards to the two-
dimensional random bond Ising model �3�, randomly stirred
fluids �4�, ballistic aggregation �5�, and directed polymers in
a random potential �6,7�.

The most well-known continuum equation describing the
surface growth is the Kardar-Parisi-Zhang �KPZ� equation,
given as �8�

�h

�t
= ��2h +

�

2
��h�2 + ��r�,t� , �1�

where � represents the Gaussian random variable that satis-
fies

���r�,t���r��,t��� = 2	
�r� − r���
�t − t�� , �2�

with 	 describing the local noise variation. Various discrete
models which are very different from each other, such as the
Eden model �9�, the ballistic deposition �10�, and the re-
stricted solid-on-solid �RSOS� model �11�, are all known to
be described by the KPZ equation, and these models are
considered to belong to the KPZ universality class. There are
other known universality classes, such as the Edwards-
Willkinson class �12� as well as the Herring-Mullins class
�13�, all of which were studied on a pure substrate.

Since the surface structure of many growth processes is
self-affine, most efforts were concentrated on measuring the
height fluctuations. The surface width, W, is defined as the
standard deviation, or the root-mean-square fluctuation of
heights,

W�t,L� = ��h�r�,t� − h�t��2�1/2, �3�

where h�r� , t� represents the local height variable at the site r�
and time t, h�t� represents the average height over lattice
sites, and �¯ � denotes the average over various samples.
Here, d is the substrate dimension and, therefore, the total
dimension is d+1. It is generally hypothesized that W�t ,L�
obeys the scaling relation, given as �14�

W�t,L� � L�f�t/Lz� → t�, t � Lz,

→L�, t � Lz, �4�

where the scaling function f�x� is x� for x�1 and is constant
for x�1. The roughness exponent � is the quantity that de-
scribes the characteristic of the saturated surface width at a
sufficiently late time. The exponents � and z are associated
with each other by the relationship z�=�. In the equilibrium
growth, with the same probabilities regarding deposition and
evaporation, the nonlinear term vanishes with �=0. Equation
�1�, thus, becomes the Edwards-Wilkinson equation, which
can be solved exactly, yielding �= �2−d� /4, �= �2−d� /2,
and z=2. In the nonequilibrium growth with ��0, the KPZ
equation is solved exactly only in one dimension, with
�= 1

3 and �= 1
2 . In 2+1 dimensions, the exponents were ob-

tained by means of numerical simulations as �=0.38�0.40
and �=0.24�0.25 �7,11,15–17�.

In regards to the growth on a substrate with a quenched
noise and a driving force, the exponents were found to be
different from those on a regular lattice �18–22�. This prob-
lem was introduced in order to elucidate different physical
situations, such as the driven interface of moving fluids
through pores of random geometry. This type of disorder is
known to lead to interface pinning at a sufficiently small
driving force, and the roughness exponent is larger in com-
parison to the growth on a pure substrate. As the driving
force increases, the pinning-depinning transition occurs at a
critical point, at which the pressure value of the moving fluid
is associated with the critical density of the directed perco-
lation. Above the critical point, the growth exponent � re-
covers to the value of the KPZ universality.*Corresponding author; sblee@knu.ac.kr
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Surface roughening by RSOS model was also studied on
various geometrical fractal substrates in order to understand
how the intrinsic properties of the substrates influence the
critical exponents �23–25�. A significant progress has been
achieved in understanding the growth on the fractal sub-
strates. For example, the growth and roughness exponents
with respect to the equilibrium RSOS growth were found to
be represented in terms of the spectral dimension, as well as
the fractal dimension, although nonequilibrium growth has
not yet been fully understood. The growth and roughness
exponents regarding the EW model were obtained by
Zumofen et al. with respect to the behavior of the autocor-
relation function of the associated diffusion problem �26�
and, more recently by Lee and Kim, by means of a simple
power-counting analysis of the fractional Langevin equation
describing the surface growth on a fractal substrate �27�. The
numerical data were found to confirm the analytical predic-
tions for the growth on various geometrical fractal substrates.

Along these lines, it is natural to study the surface rough-
ening on randomly diluted lattices or, equivalently, on a per-
colation cluster. The study of this problem attracts interest in
two respects: first, whether or not the role of the diluted site
is effectively the same as the sites with a quenched noise.
Considering that the lattice dilution is simply an absence of
lattice sites, it is expected that the surface grows faster, in
comparison to the growth on a regular lattice, because the
RSOS condition will be examined for the less number of
nearest-neighbor sites. It is interesting to study as to how this
reflects on the growth and roughness exponents. Second, the
influence of a quenched disorder is a long standing problem
in the critical phenomena. The quenched disorder, in this
sense, is the lattice dilution and, therefore, an infinite perco-
lation cluster is considered to be the lattice with a quenched
disorder. Examples of such problems include the self-
avoiding walks �SAWs� on randomly diluted lattices �28–30�
as well as the contact process with a quenched disorder
�31,32�. These problems were motivated based on the Harris
criterion �33�, which implies that, in regards to the magnetic
system, the pure fixed point is unstable if the specific heat
exponent 
 is positive. Since the problem of SAWs is
equivalent to the n-vector model in the limit of n→0
�28,34�, any small amount of impurities is expected to influ-
ence the critical behavior of SAWs if 
�0. The specific heat
is undefined for the SAWs; however, the exponent can be
obtained from the hyperscaling relation as 
=2−d� �34�, d
and � representing, respectively, the lattice dimensionality
and the correlation length exponent, and is indeed positive
for d�4. Similarly, with respect to the epidemic spreading,
i.e., to the contact process, 
 is positive for d�4. In the
latter case, the lattice dilution were found to yield the Griffith
phase, in which the nonuniversal power-law behavior of the
density of active particles was observed �31,32�. Thus, it is
interesting to investigate how the diluted sites influence the
surface growth as well.

In this paper, the surface growth is investigated for the
equilibrium and nonequilibrium RSOS models on randomly
diluted lattices of a concentration of diluted sites x �=1− p, p
being the occupation probability�, i.e., on an infinite cluster
of occupied sites adjacent to and above the percolation
threshold pc �=1−xc�. The percolation cluster at pc is known

to be fractal, with the fractal dimension of df =
91
48 in two

dimensions �2D� �35,36� and df �2.53 in three dimensions
�3D� �37�. However, for x�xc �p� pc�, it is known to be
Euclidean. The surface growth at xc as well as the selected
values of x�xc are particularly investigated in both 2D and
3D, in order to determine if the diluted sites influence the
critical exponents. The results of this study for the equilib-
rium RSOS growth will enable the researchers to examine
the validity of the analytical prediction for equilibrium
growth on random fractal lattices.

The remainder of the paper is organized as follows. In
Sec. II, the RSOS model as well as the numerical method for
generation of an “incipient” infinite cluster of undiluted sites
are described. In Secs. III and IV, the results with respect to
the equilibrium and nonequilibrium growth are presented, in
conjunction with relevant discussions and, in Sec. V, the
source of nonuniversal behaviors with respect to the non-
equilibrium growth is presented. The results are summarized,
and the concluding remarks are presented in Sec. VI.

II. MODELS AND METHODS

In this section, we first describe the equilibrium and non-
equilibrium RSOS growth models. We then present the gen-
eration method for the percolation cluster and the averaging
procedure over various samples and disorders.

A. Restricted solid-on-solid model

The dynamic rule of the RSOS condition is to randomly
select a site at r� and deposit a particle with a probability p+,
or evaporate with a probability p−, i.e., h�r��→h�r���1, pro-
vided that the restriction regarding the local height difference

	�h	 = 	h�r�� − h�r���	 � 1 �5�

is satisfied between the selected site and the nearest-neighbor
sites. In the equilibrium RSOS model, p+= p−= 1

2 and the
strength of nonlinearity vanishes, i.e, �=0. Thus, the model
is described by the EW equation. On the other hand, for p+
�p−, the growth becomes nonequilibrium in nature and the
critical behavior is expected to be the same as for p+=1; i.e.,
the model is described by the KPZ equation.

For the growth with respect to the equilibrium RSOS
model, the critical exponents were obtained by two alterna-
tive methods as �26,27�

� =
1

2
−

ds

4
and � = df
 1

ds
−

1

2
� , �6�

where ds represents the spectral dimension, defined by the
density of normal modes on fractal lattices via ������ds−1

�38�, and is also related to the probability distribution of
random walks returning to the origin after t steps, P�t�
� t−ds/2 �39�. Phenomenologically, the same results are ob-
tained when considering the random deposition with correla-
tions. In a random deposition, the surface width is known to
grow in time as W2� t. In the early-time limit of the equi-
librium RSOS growth, the growth is basically similar to that
of the random deposition; however, as time evolves, the cor-
relation length increases as random walks, �� t1/z, where z
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represents the dynamic exponent and is equal to the dynamic
exponent of random walks, z=zRW, defined by the rms end-
to-end distance, R� t1/zRW. Since the RSOS condition sup-
presses growth in the region of �df, the surface width is as-
sumed to be given as W2�t�� t /�df, which yields the growth
exponent �, as illustrated in Eq. �6�. Using the relations �
=�z and z=zRW=2df /ds, the roughness exponent is also ob-
tained. This approach, although not scientifically confirmed,
also yields the known exponents on a regular lattice.

In regards to the nonequilibrium RSOS growth, however,
no successful theory other than the conjectured values based
on the numerical data exists, primarily due to the nonlinear
term in the KPZ equation. We, therefore, rely on the exten-
sive numerical simulations.

B. Generation of a percolation cluster

An infinite percolation cluster is realized as the substrate
with a quenched disorder. The site percolation is employed,
i.e., each of Ld lattice sites is either diluted with a probability
x or occupied with a probability 1−x. Any two occupied
neighboring sites are assumed to be connected and to belong
to the same cluster. When x�xc, all clusters are finite, and
the surface width grows linearly in time, W� t, on a finite
cluster. When x�xc, there exists an “incipient” infinite clus-
ter of occupied sites which span across the lattice. The per-
colation cluster generated at xc, xc�0.407 in 2D �40–42� and
xc�0.688 in 3D �43�, is known to be fractal. However, an
infinite cluster generated with respect to x�xc is known to
be Euclidean, with the substrate dimension the same as the
embedding spatial dimension.

The well-known Hoshen-Kopelman algorithm �44� is em-
ployed in order to extract an infinite cluster of occupied sites.
In order to proceed with growth on an infinite cluster, all the
nearest-neighbor occupied sites of each lattice site are re-
corded to enable one to examine the local height constraint
given in Eq. �5�.

C. Averaging procedure

The disorder averages of the mean-square surface width
may be calculated in two different ways. In the first, a pre-
determined number of samples are obtained on a given dis-
order to calculate the sample averages and, then, the disorder
averages are calculated over many different disorders. In the
second, a single sample is grown on each given disorder until
the surface width reaches the steady-state value, and the re-
sults are averaged over many disorders, with an equal weight
over various disorders. In the SAWs problem, the averages
calculated by the former method is realized as the quenched
averages and the aim of this study is to calculate such aver-
ages; however, in the surface growth, the two methods would
yield the same results as long as the number of samples is
sufficiently large.

The main difference in averaging between the surface
growth and the SAWs is the number of samples remaining up
to the desired sample sizes. In the SAWs, the number of
samples up to the predetermined length �steps� depends on
the disorder configurations and, accordingly, the weight of
each SAW depends on the disorder; therefore, the weight of

an SAW on a disorder having less number of walks is bigger
than that of the walk on a disorder having more number of
walks. By this reasoning, correct averaging had been an issue
for SAWs �45,46�. However, in regards to the surface
growth, since all samples remain until the desired size is
achieved, the weight of each sample is equal, irrespective of
the disorders.

In this study, the results obtained in two different ways
were compared for a particular case, i.e., for x=xc and L
=128 in 2D with respect to both the equilibrium growth and
nonequilibrium growth. It was found that the results aver-
aged over 100 samples on each percolation cluster and aver-
aged over 3.5�103 clusters were identical to the results av-
eraged over 4�103 samples, each of which were generated
on a different cluster. All presented results in this study are
those obtained by the latter method.

III. RESULTS FOR EQUILIBRIUM GROWTH

Simulations are carried out with respect to the equilibrium
growth on an incipient infinite cluster generated at the se-
lected values of x�xc, as well as xc in both 2D and 3D,
following the RSOS growth rule.

A. Growth on a percolation cluster above pc

In order to investigate the influence of a lattice dilution on
the critical exponents of surface roughening when x�xc,
simulations for x=0.3 in 2D and x=0.6 in 3D are carried out.
The mean-square surface widths for various size systems in
2D, such as for L=32, 64, 128, 256, and 512, are plotted on
a semilogarithmic scale in Fig. 1. Data for various size sys-
tems yield a linear behavior before the saturations set in,
except in the early stage of about 100 time steps, indicating
that W2� ln t. The saturated values, Wsat

2 , also exhibit a linear
behavior on a semilogarithmic scale, Wsat

2 =a+b ln L, where
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FIG. 1. The mean-square surface width W2�t� for the equilib-
rium RSOS growth model on a 2D infinite percolation cluster for
the concentration of diluted sites x=0.3, plotted against the evolu-
tion time t on a semilogarithmic scale. Data are for, from bottom to
top, L=32, 64, 128, 256, and 512. The inset shows the mean-square
saturated width Wsat

2 , calculated from the primary plotted data, plot-
ted on a semilogarithmic scale against the size of the system.
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a�0.63 and b�0.73, as shown in the inset. These plots
clearly indicate that �=�=0, with logarithmic divergence, as
for the growth on a regular lattice in 2D. The scaling plot of
W2−b ln L against t /Lz shows the best collapse for z=1.9, as
shown in Fig. 2, indicating that the dynamic exponent is also
close to the known value, z=2, on a regular lattice.

The results in 3D are presented in Fig. 3. Plotted in the
main panel are the mean-square surface width against the
evolution time, and those in the inset are the saturated values
against the inverse size of the system. The mean-square satu-
rated width converges to a finite value as the system size
increases. This behavior is precisely the one observed on a
regular lattice in 3D, indicating that �=�=0.

Considering the results in 2D and 3D, it is clear that the
diluted sites provide a null effect on the critical exponents for
the equilibrium RSOS growth, and the dynamic properties
are similar to those on a regular lattice when x�xc, implying
that the pure fixed point is stable. This is generally expected

because an infinite percolation cluster for x�xc is Euclidean,
although a considerable amount of lattice sites have been
diluted; thus, the dynamics are expected to be similar to
those on a regular lattice. However, in the nonequilibrium
growth, it is not the case, as will be presented in Sec. IV.

B. Growth on a percolation cluster at pc

When the concentration of diluted sites is close to the
critical value, the substrate becomes fractal, with the fractal
dimension less than the spatial dimension. Thus, the growth
on a fractal substrate is expected to be different from that on
a regular lattice. The main panel of Fig. 4 illustrates the
double-logarithmic plot of W2 generated on a 2D critical per-
colation network for the system sizes, from bottom to top,
L=32, 64, 128, 256, and 1024 �up to t=105�; the inset shows
the saturated values, estimated from the data in the main
plot. The surface width yields a power-law behavior of �
=0.176�3� and �=0.509�7�. The results in 3D also yields
similar characteristics, as shown in Fig. 5, with �
=0.173�3� and �=0.684�2�. Therefore, it is clear that the
surface growth on a critical percolation cluster is different
from that on a regular lattice. The results in both 2D and 3D
are confirmed by the scaling analyses, as shown in Fig. 6.

The estimated values of the critical exponents are com-
pared with the predicted values by Eq. �6�. In 2D, since the
spectral dimension is ds�1.31 �39�, the predicted values are
��0.1725, ��0.499, and z�2.89. In 3D, ds�1.30, and the
predictions are ��0.175, ��0.681, and z=3.89. These val-
ues are in complete coincidence with the Monte Carlo data,
having error margins of less than 3%.

It should be noted that the growth exponent � is similar at
the percolation thresholds in both dimensions. This is re-
flected by the fact that the spectral dimension ds is similar in
both dimensions. �Note that � was represented in terms of ds
alone.� A number of studies had been conducted as to
whether or not the spectral dimension of the percolation net-
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FIG. 2. The scaled mean-square surface width against the scaled
time, obtained from the data in Fig. 1, plotted on a semilogarithmic
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FIG. 3. The mean-square surface width W2�t� for the equilib-
rium RSOS growth on a 3D infinite percolation cluster for the con-
centration of diluted sites x=0.6, plotted against the evolution time
t on a double logarithmic scale. Data are for, from bottom to top,
L=16, 32, 64, 128, and 256. The inset shows the mean-square satu-
rated width Wsat

2 calculated from the primary plotted data, plotted
against the inverse size of system.
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FIG. 4. The mean-square surface width W2�t� for the equilib-
rium RSOS growth on a 2D infinite percolation cluster for x=xc,
plotted against the evolution time t on a double logarithmic scale.
Data are, from bottom to top, for L=32, 64, 128, 256, and 1024 �up
to 105 time steps�. The inset shows the mean-square saturated width
Wsat

2 , calculated from the primary plotted data, plotted on a double
logarithmic scale against the size of the system.
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work is different with respect to different lattice dimension-
ality, in order to examine the Alexander-Orbach conjecture
�38�, in which the spectral dimension is conjectured to be 4

3
irrespective of the spatial dimensionality. Although, this con-
jecture was proven to be incorrect, it had been determined
that the spectral dimensions were indeed close to each other.

The dynamic exponent z is close to the fractal dimension
of random walks, dw�2.88 in 2D and dw�3.88 in 3D �47�.
This is again reflected from the fact that the spatial correla-
tion length � grows in time, in a similar way as the rms
end-to-end distance of random walks grows in time.

IV. RESULTS FOR NONEQUILIBRIUM GROWTH

The nonequilibrium RSOS model is known to be de-
scribed by the KPZ equation, given in Eq. �1�. The critical
exponents regarding the growth on a d-dimensional substrate
were conjectured to be �= 1

d+2 , �= 2
d+3 , and z=2 d+2

d+3 �11�. In
regards to a fractal substrate, the question is posed whether
or not the results obtained by substituting the substrate di-
mension by the fractal dimension agree with the numerical
data. A previous study by Lee et al. indicated that the critical
exponents were influenced by the detailed structure of the
substrate �25�. In the followings, it will be shown that neither
of these is correct with respect to the growth on a random
fractal such as a percolation network.

Simulations are carried out first on pure square and simple
cubic lattices, for comparison purposes. The growth and
roughness exponents estimated are, respectively, �
=0.239�1� and �=0.390�1� in 2D, and �=0.176�1� and �
=0.307�2� in 3D. These values are smaller, by less than 10%,
than the conjectured values. Since it is beyond the purpose of
the present study to argue why the differences occurred, we
here focus on the surface growth on a substrate with diluted
sites.

In order to observe the influence of diluted sites on the
critical exponents with respect to the nonequilibrium RSOS
growth, simulations are conducted, regarding the cases of x
=0.35 in 2D and x=0.6 in 3D. Figure 7 illustrates the data
for W2 on a percolation cluster of the linear sizes L=32, 64,
128, 256, and 512 for x=0.35 in 2D, and Fig. 8 represents
those on a 3D cluster of the sizes L=8, 16, 32, 64, and 128
for x=0.6. For smaller size systems, data appear to follow
the power-law behavior; however, as the system size in-
creases, data deviate significantly from the power law, indi-
cating that growth with respect to the nonequilibrium RSOS
model displays nonuniversal behavior in both 2D and 3D. �It
should be noted that the surface width in 3D exhibits a log-
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FIG. 7. The mean-square surface width W2�L , t� for the nonequi-
librium RSOS growth on a 2D infinite percolation cluster for x
=0.35, plotted against the evolution time t on a double logarithmic
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periodic oscillatory behavior in time.� Results for the satu-
rated width also yield similar behaviors, as shown in the
insets of both figures. These observations are a bit surprising
because the percolation cluster is Euclidean for x�xc and
growth on such a Euclidean substrate is expected to be simi-
lar to that on a pure substrate, as observed with respect to the
equilibrium growth. Such a nonuniversal behavior is rather
similar to the behavior observed in absorbing phase transi-
tions of the epidemic spreading, in which the quenched dis-
order yielded nonuniversal power-law behaviors in the Grif-
fith phase �31,32�. The cause of a nonuniversal behavior is
investigated in Sec. V.

Results for x=xc are basically similar to those of x�xc,
but the nonuniversal behavior is more pronounced, as shown
in Fig. 9 in 2D. The results in 3D are also similar to those of
2D �not shown�.

Plotted in Fig. 10 are the data for Wsat
2 regarding various

size systems for the selected values of x, from bottom to top,
x=0, 0.1, 0.2, 0.3, 0.35, and xc in 2D �left�, and x=0, 0.2,
0.5, 0.6, and xc in 3D �right�. In regards to x in close prox-
imity to 0, the data show linear behaviors; however, as the
value of x increases, e.g., for x=0.2 in 2D and for x=0.5 in
3D, the data exhibit a slight curvature, indicating that the
data do not follow a power-law behavior. Therefore, the di-
luted sites influence the surface roughening in such a way as
that the critical behavior is nonuniversal with respect to the
nonequilibrium RSOS growth.

V. SOURCE OF NONUNIVERSAL BEHAVIORS

A possible source of the nonuniversal behaviors might be
either the influence of dangling ends of a percolation net-
work, or the inhomogeneity of the substrates. In order to
examine the former possibility, simulations are carried out on
a 2D percolation network, with all dangling bonds elimi-
nated, i.e., on a backbone network. In the equilibrium

growth, the surface width and the saturated width exhibit
power-law behaviors, with the exponents �=0.185�3� and
�=0.490�2�, which are in perfect harmony with the values
predicted by Eq. �6�, �=0.186 and �=0.485, having been
obtained using df

bb�1.64 �48,49� and dw
bb�2.61 �39�. In the

nonequilibrium growth, neither the surface width nor the
saturated width exhibit power-law behaviors, indicating that
the growth behavior is nonuniversal on a percolation back-
bone �not shown�. This observation rules out the former pos-
sibility.

In order to examine the latter possibility, simulations are
conducted for the growths on substrates diluted by two dif-
ferent methods. The given L�L system is divided into a
number of l� l subcells. In each subcell, 25% of the lattice
sites are diluted first regularly and second randomly. It is
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FIG. 8. The mean-square surface width W2�L , t� for the nonequi-
librium RSOS model on a 3D infinite percolation cluster for x
=0.6, plotted against the evolution time t on a double logarithmic
scale. Data are for, from bottom to top, L=8, 16, 32, 64, and 128.
Plotted in the inset are the mean-square saturated width, calculated
from the primary plotted data, against the size of the system on a
double logarithmic scale.
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FIG. 9. The mean-square surface width W2�L , t� for the nonequi-
librium RSOS model on a 3D infinite percolation cluster for x=xc,
plotted against the evolution time t on a double logarithmic scale.
Data are for, from bottom to top, L=16, 32, 64, 128, 256, and 512.
Plotted in the inset are the mean-square saturated width, calculated
from the primary plotted data, against the size of the system on a
double logarithmic scale.
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determined that both the surface width and the saturated
width with respect to the nonequilibrium RSOS growth on a
substrate constructed with regularly diluted subcells yield
power-law behaviors, with the exponents �=0.233�1� and
�=0.391�1�, which are very close to the values of a regular
lattice presented earlier. This observation is precisely as pre-
dicted because the substrate is Euclidean and the critical ex-
ponents for the growth are similar to those of a regular lat-
tice.

In regards to the growth on a substrate constructed with
randomly diluted subcells, on the other hand, the results are
different. Figure 11 shows the mean-square surface width for
the systems of L=512 constructed with subcells of two dif-
ferent sizes, l=8 and 16, in comparison with the data for the
regularly diluted substrate. The plots in the inset represent
the saturated widths. It is clear that data for the regularly
diluted subcells exhibit power-law behaviors for both the
surface width and the saturated width. However, regarding
the randomly diluted subcells, data exhibited curvatures, in-
dicating that the power-law characteristic is no longer valid;
the larger the subcell is, the more pronounced the curvature
is. It should be noted that if the size of a subcell is the same
as the size of the system, the results would be the same as
those on a percolation cluster for x=0.25. Thus, it is clear
that the source of nonuniversal behavior involves the random
dilution of lattice sites. The random dilution creates various
sizes of diluted holes on a substrate, which destroy homoge-
neity and the translational invariance of the substrate, also
possibly causing the nonuniversal behavior with respect to
the nonequilibrium growth.

VI. SUMMARY AND CONCLUSIONS

The influence of diluted sites on the growth has been stud-
ied for the equilibrium and nonequilibrium RSOS models. It

was found that, with respect to the equilibrium growth, both
the surface width and the saturated width exhibited universal
power-law behaviors for all cases regarding the concentra-
tion of diluted sites x. For x�xc, the growth appeared to be
similar to that on a regular lattice both in 2D and 3D. This
observation had been expected because, for x�xc, the sub-
strate is Euclidean and the growth on such a Euclidean lattice
is similar to that on a regular lattice. For x=xc, on the other
hand, the substrate becomes fractal and the growth yielded
nontrivial exponents that were different from those on regu-
lar lattices.

In the nonequilibrium growth, on the other hand, a con-
siderable amount of disorder x�xc yielded nontrivial effects
on the growth, and the growth became nonuniversal; both the
surface width against the evolution time and the saturated
width against the size of system did not follow the power-
law behaviors, unlike the case for the equilibrium growth.
Similar nonuniversal behavior was previously observed in
absorbing phase transitions of the contact process, in which
the quenched disorder yielded nonuniversal power-law be-
haviors regarding the density of active particles in the Grif-
fith phase. The “quenched disorder” in this problem implies
the dilution of lattice sites. Considering both this and the
observations regarding the surface growth, it is conjectured
that the quenched disorder might yield nonuniversal critical
behaviors with respect to the nonequilibrium systems.

The cause of nonuniversal growth dynamics had been in-
vestigated, by considering the growth on a backbone network
and on substrates constructed with periodically and randomly
diluted subcells. It was found that the growth on a periodi-
cally diluted lattice yielded universal power-law behaviors,
with the critical exponents being consistent with those on a
regular lattice; however, the growth on a backbone and on a
substrate with randomly diluted subcells were found to yield
nonuniversal behaviors. Based on these results, it is clear that
the random dilution of lattice sites is the main cause of such
nonuniversal behaviors. The random dilution of lattice sites
creates various sizes of diluted holes on a substrate, which
subsequently destroy homogeneity and the translational in-
variance of the substrate. Such inhomogeneity appears to
cause the nonuniversal behavior with respect to the nonequi-
librium growth. In regards to the equilibrium growth, on the
other hand, such behaviors appeared to cancel each other
precisely during the processes of deposition and evaporation,
and the resulting behaviors appeared to be universal.

ACKNOWLEDGMENTS

This work was supported by the Korea Research Founda-
tion Grant, funded by the Korean Government �Grant No.
KRF-2008-313-C00329�, and also in part by the Korea Sci-
ence and Engineering Foundation �Grant No. 2009-
0058988�. The authors are grateful for the support.

10
0

10
1

10
2

10
3

10
4

10
5

t

10
0

10
1

10
2

W
2 10

2
10

3

L

10
0

10
1

10
2

W
2 sa
t
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